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§1: Semi-graphs of Anabelioids of PSC-type

Σ: a nonempty set of prime numbers

Definition� �
k: an algebraically closed field of characteristic 6∈ Σ
X log: a stable log curve/an fs log scheme Slog w/ S = Spec(k)

Write:
(X,D): the pointed stable curve/k associated to X log

UX
def
= Xsm ∩ (X \D) ⊆ X

G: the dual semi-graph of X log

v: a vertex of G
Cv: the irreducible component of X corresponding to v

Xv
def
= Cv ∩ UX

e: an open edge of G w/ the branch b that abuts to v

Ce: the completion of X at the point corresponding to e (∼= Spec(k[[t]]))

Xe
def
= Ce \ {e} (∼= Spec(k[[t]][1/t]))

ιb : Xe → Xv: the natural morphism corresponding to b

e: a closed edge of G w/ the two distinct branches b1, b2
that abut to v1, v2, respectively (possibly v1 = v2)

Ce: the completion of X at the node corresponding to e (∼= Spec(k[[t1, t2]]/(t1t2)))
Fix an isomorphism

Xv1 “Spec(k[[t1]][1/t1])”
“b1”oo

u�

immersion ''PP
PPP

PPP
PPP

PP

∼ // “Spec(k[[t2]][1/t2])”
“b2” //

iI

immersionwwnnn
nnn

nnn
nnn

n
Xv2

Ce

Xe
def
= “Spec(k[[t1]][1/t1])

fixed∼= Spec(k[[t2]][1/t2])”
ιbi : Xe ↪→ Xvi : the natural morphism corresponding to bi� �
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Definition, continued� �
k: an algebraically closed field of characteristic 6∈ Σ
X log: a stable log curve/an fs log scheme Slog w/ S = Spec(k)

Write:
(X,D): the associated pointed stable curve/k
G: the dual semi-graph of X log

v: a vertex of G
Xv

def
= Cv ∩ UX

e: an open edge of G w/ the branch b that abuts to v

Xe
def
= Ce \ {e} (∼= Spec(k[[t]][1/t]))

ιb : Xe ↪→ Xv: the closed immersion corresponding to b
e: a closed edge of G w/ the two distinct branches b1, b2

that abut to v1, v2, respectively (possibly v1 = v2)

Xe
def
= “Spec(k[[t1]][1/t1])

fixed∼= Spec(k[[t2]][1/t2])”
ιbi : Xe ↪→ Xvi : the closed immersion corresponding to bi

Define a semi-graph GΣ
Xlog of anabelioids as follows:

• the underlying semi-graph
def
= G

• the anabelioid Gv corresponding to a vertex v
def
= Σ-Fét(Xv)

• the anabelioid Ge corresponding to an edge e
def
= Σ-Fét(Xe)

• the morphism b∗ : Ge → Gv that corr’g to the branch b of e abutting to v
def
= Ge → Gv obtained by pulling back by ιb, i.e., ι

∗
b : Σ-Fét(Xv)→ Σ-Fét(Xe)� �
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Definition� �
G: a connected semi-graph of anabeliods
⇒ B(G): the connected anabelioid of (Sv, φe)v: a vertex, e: a closed edge, where
• Sv: an object of the connected anabelioid Gv
• φe : b

∗
1Sv1

∼→ b∗2Sv2 : an isomorphism in the connected anabelioid Ge
(b1, b2 are the two distinct branches of e that abut to v1, v2, respectively)� �

Proposition 1.1� �
In the above situation:
• ∃a natural continuous isomorphism π1(B(GΣXlog))

Σ ∼→ πadm
1 (X,D)Σ

• ∃a natural π1(X
log)-conjugacy class of continuous isomorphisms

π1(B(GΣXlog))
Σ ∼→ Ker(π1(X

log)Σ ↠ π1(S
log)Σ) ∼= Ker(π1(X

log) ↠ π1(S
log))Σ� �

Definition� �
G: a semi-graph of anabelioids

G: of (pro-Σ) PSC-type def⇔ ∃(k,X log) as above s.t. G ∼= GΣXlog� �

Remark� �
graph of groups (cf., e.g., “Trees” by Serre)

semi-graph of anabelioids ass’d to X log ??⇔ semi-graph of profinite groups ass’d to X log

In order to define and study the notion of the semi-graph of prof. gps ass’d to X log,

one has to fix basepoints of all the components of X log simultaneously.
On the other hand, there is no natural/consistent choice of such basepoints in general.

⇒ The notion of a semi-graph of profinite groups is quite unnatural/unsuitable
from the point of view of combinatorial anabelian geometry.� �
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In the remainder of the present §1:
G: a semi-graph of anabelioids of pro-Σ PSC-type

G̃ = {Gi → G}i∈I : a universal pro-Σ covering,
i.e., a some cofinal, i.e., in B(G), collection of connected fét Σ-Galois coverings

Definition� �
ΠG

def
= lim←−G̃→Hfin. Gal.→ G

Aut(H/G): the PSC-fundamental group of G (w.r.t. G̃)� �
Proposition 1.2 [CbGC, Remark 1.1.3]� �
ΠG: a nonabelian pro-Σ surface group
(follows from Prp 1.1)� �
Definition� �
a (Galois) ΠG-covering

def⇔ a finite intermediate (Galois) covering of G̃ → G� �
Remark� �
∀ΠG-covering has a natural structure of semi-graph of anabelioids of pro-Σ PSC-type.� �
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Definition� �
Vert(G): the set of vertices of (the underlying semi-graph of) G
Cusp(G): the set of open edges of (the underlying semi-graph of) G
Node(G): the set of closed edges of (the underlying semi-graph of) G
Edge(G) def

= Cusp(G) ∪ Node(G)
VCN(G) def

= Vert(G) ∪ Cusp(G) ∪ Node(G)

□ ∈ {Vert,Cusp,Node,Edge,VCN} ⇒ □(G̃) def
= lim←−G̃→Hfin. Gal.→ G

□(H)� �
Definition� �
z̃ ∈ VCN(G̃) ⇒ Πz̃ ⊆ ΠG: the stablizer of z̃ w.r.t. ΠG ↷ □(G̃),
VCN-subgroup associated to z̃

a verticial (resp. a cuspidal; a nodal; an edge-like) subgroup
def⇔

a VCN-subgroup associated to ∈ Vert(G̃) (resp. Cusp(G̃); Node(G̃); Edge(G̃))

Observe: z ∈ VCN(G) determines a ΠG-conjugacy class of VCN-subgroup, i.e.,

by considering the ΠG-conjugacy class of Πz̃ for some VCN(G̃) 3 z̃ 7→ z.
⇒ the notion of “a VCN-subgp ass’d to ∈ VCN(G), well-defined up to conjugation”� �
Definition� �
□ ∈ {Vert,Cusp,Node,Edge}
Πab-□

G ⊆ Πab
G : the subgp top’y gen’d by the images of the VCN-subgps ass’d to ∈ □(G̃)

Π
ab/□
G

def
= Πab

G /Πab-□
G

⇒
• 0→ Πab-□

G → Πab
G → Π

ab/□
G → 0

• Πab-Cusp
G , Πab-Node

G ⊆ Πab-Edge
G = Πab-Cusp

G +Πab-Node
G ⊆ Πab-Vert

G ⊆ Πab
G

• Πab
G ↠ Π

ab/Cusp
G , Π

ab/Node
G ↠ Π

ab/Edge
G ↠ Π

ab/Vert
G� �
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Definition� �
G ′: a semi-graph of anabelioids of pro-Σ PSC-type
α : ΠG

∼→ ΠG′ : a continuous (outer) isomorphism

• α: graphic def⇔
∃G ∼→ G ′ that induces the (outer isomorphism det’d by the) isomorphism α

• □ ∈ {verticial, cuspidal, nodal, edge-like}
α: group-theoretically □ def⇔
α(□ subgp of ΠG) is □ in ΠG′ , α−1(□ subgp of ΠG′) is □ in ΠG� �

Proposition 1.3 [CbGC, Proposition 1.5, (ii)]� �
α : ΠG

∼→ ΠG′ : a continuous outer isomorphism
α: graphic ⇔
α: gp-theoretically verticial, gp-theoretically cuspidal, gp-theoretically nodal ⇔
α: gp-theoretically verticial, gp-theoretically edge-like
In this situation, an isomorphism G ∼→ G ′ that induces α is unique.

(follows essentially from Prp 2.2, 2.3, 2.4, 2.5 below)� �
By Prp 1.3, the natural homomorphism Aut(G)→ Out(ΠG) is injective.
Let us regard Aut(G) as a subgroup of Out(ΠG).

Observe: ΠG: topologically finitely generated (cf. Prp 1.2)
⇒

⋂
N⊆ΠG : open, characteristic

N = {1}
⇒ Out(ΠG) has a natural structure of profinite group,
i.e., Out(ΠG) = lim←−N⊆ΠG : open, characteristic

Out(ΠG/N),

w.r.t. which Aut(G) ⊆ Out(ΠG) is a closed subgroup.
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§2: Foundations of VCN-subgroups

Σ: a nonempty set of prime numbers
G: a semi-graph of anabelioids of pro-Σ PSC-type

G̃ → G: a universal pro-Σ covering

Proposition 2.1 [CbGC, Remark 1.1.3]� �
(1) ẽ ∈ Edge(G̃) ⇒ Πẽ (

∼← “π1(Xe)
Σ”) ∼= ẐΣ

(2) ṽ ∈ Vert(G̃) ⇒ Πṽ (
∼← “π1(Xv)

Σ”): a nonabelian pro-Σ surface group� �
Proposition 2.2 [CbGC, Proposition 1.2, (ii)]� �
z̃ ∈ VCN(G̃) ⇒ Πz̃: commensurably terminal in ΠG,

i.e., Πz̃ = CΠG(Πz̃)
def
= { γ ∈ ΠG | [Πz̃ : Πz̃ ∩ γΠz̃γ

−1 ∩ γ−1Πz̃γ] <∞}� �
More strongly:

Proposition 2.3 [NodNon, Lemma 1.5]� �
ẽ1, ẽ2 ∈ Edge(G̃)
ẽ1 = ẽ2 ⇔ Πẽ1 = Πẽ2 ⇔ Πẽ1 ∩ Πẽ2 6= {1}� �
Proposition 2.4 [NodNon, Lemma 1.7]� �
ẽ ∈ Edge(G̃), ṽ ∈ Vert(G̃)
ẽ abuts to ṽ ⇔ Πẽ ⊆ Πṽ ⇔ Πẽ ∩ Πṽ 6= {1}� �
Proposition 2.5 [NodNon, Lemma 1.9]� �
ṽ1, ṽ2 ∈ Vert(G̃)
(1) ṽ1 = ṽ2 ⇔ Πṽ1 = Πṽ2

(2) ṽ1 6= ṽ2 but ∃ẽ ∈ Node(G̃) s.t. ẽ abuts both to ṽ1 and to ṽ2
⇔ Πṽ1 6= Πṽ2 , Πṽ1 ∩ Πṽ2 6= {1}
In this situation, Πṽ1 ∩ Πṽ2 = Πẽ.� �
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Proposition 2.6 [CbTpII, Propositions 1.4, 1.5]� �
H ⊆ ΠG: a closed subgroup, □ ∈ {Vert,Cusp,Node}
(a) ∃z̃ ∈ □(G̃) s.t. H ⊆ Πz̃ ⇔ (b) for ∀γ ∈ H, ∃z̃γ ∈ □(G̃) s.t. γ ∈ Πz̃γ

⇔ (c) for ∀ΠG-covering H → G, Im(H ∩ ΠH ↪→ ΠH ↠ Π
ab/□
H ) = {0}� �

Proof
(a) ⇒ (c): immediate
(b) ⇒ (a): omit

(c) ⇒ (b) in the case where Σ = {l}:
First, we may assume: H ∼= Zl (by replacing H by “〈γ〉”).
Claim� �
H → G: a Galois ΠG-covering
H: the ΠG-covering corresponding to the open subgroup ΠH ·H ⊆ ΠG
⇒ ∃z ∈ □(H) s.t. H → H is totally ramified at z� �

Proof of Claim
H ↪→ ΠH ·H = ΠH ↠ (ΠH ·H)/ΠH = ΠH/ΠH = Aut(H/H): surjective
Thus, since H ∼= Zl,

Aut(H/H) ∼= Z/lnZ for some n ≥ 0 (∗1)

Thus, since Im(H ↪→ ΠH ↠ Πab
H ) ⊆ Πab-□

H by (c),( ⊕
z∈□(H)

Im(Πz in Πab
H ) ↠

)
Πab-□

H ↪→ Πab
H

(∗1)↠ Aut(H/H) is surjective (∗2)

(∗1), (∗2) ⇒ ∃z ∈ □(H) s.t. Πz ↪→ ΠH ↠ Aut(H/H): surjective

By Claim, □(H)H 6= ∅ for ∀Galois ΠG-covering H → G
Thus, since □(H)H is finite, lim←−G̃→Hfin. Gal.→ G

□(H)H 6= ∅.
Then it is immediate: H ⊆ Πz̃ for ∀z̃ ∈ this nonempty limit
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Corollary 2.7� �
□ ∈ {◦, •}
4 ∈ {Vert,Cusp,Node}
G□: a semi-graph of anabelioids of pro-Σ PSC-type
α : ΠG◦

∼→ ΠG• : a continuous isomorphism s.t.
for ∀ΠG◦-covering H◦ → G◦,
if one writes H• → G• for the corresponding ΠG•-covering, then

ΠG◦

≀α

��

ΠH◦
? _oo // //

≀
��

Πab
H◦

// //

≀
��

Π
ab/△
H◦

≀
��

ΠG• ΠH•
? _oo // // Πab

H•
// // Π

ab/△
H•

⇒ α: gp-theretically verticial (resp. cuspidal; nodal) if 4 = Vert (resp. Cusp; Node)
(follows from Prp 2.6)� �

ΠG + {verticial subgps} ksPrp 2.5+3
KS

Prp 2.6
��

ΠG + {verticial subgps}+ {nodal subgps}
KS
Prp 2.6
��

ΠG + {ΠH ↠ Π
ab/Vert
H }H ΠG + {ΠH ↠ Π

ab/Node
H ↠ Π

ab/Vert
H }H

Proposition 2.8 [CbGC, Theorem 1.6, (i)], also [IUTchI, Remark 1.2.2]� �
ΠG +

(
{open subgps of ΠG} 3 H 7→ #Cusp(the ΠG-covering corr’g to H)

)
⇒ ΠG + {cuspidal subgps}� �
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§3: Cyclotomes Associated to Semi-graphs of Anabelioids of PSC-type

Σ: a nonempty set of prime numbers
G: a semi-graph of anabelioids of pro-Σ PSC-type

G̃ → G: a universal pro-Σ covering

Definition� �
G: strudy def⇔ ∀vertex of G is “of genus ≥ 2”

(i.e., ∀ṽ ∈ Vert(G̃), the fin. free ẐΣ-module Im(Πṽ ↪→ ΠG ↠ Π
ab/Cusp
G ) is of rank ≥ 4)� �

In the remainder of the present §3, for simplicity (cf. Rmk ∗ below), suppose: G is sturdy
G+: the semi-graph of anabelioids obtained by removing the open edges form G
G: sturdy⇒ G+: of pro-Σ PSC-type
Moreover, we have a surjective continuous homomorphism ΠG ↠ ΠG+

whose kernel is topologically normally generated by the cuspidal subgroups,

which thus induces an isomorphism Π
ab/Cusp
G

∼→ Πab
G+ .

Definition� �
ΛG

def
= HomẐΣ(H2(ΠG+ , ẐΣ), ẐΣ): the cyclotome associated to G� �

Proposition 3.1� �
ΛG ∼= ẐΣ

(follows from Prp 1.1)� �
Definition� �
χG : Aut(G)→ Aut(ΛG)

Prp 3.1
= (ẐΣ)×: the (pro-Σ) cyclotomic character ass’d to G� �

Proposition 3.2 [CbGC, Proposition 1.3]� �
A natural identification Πab

G+ = HomẐΣ(H1(ΠG+ , ẐΣ), ẐΣ) (cf. Prp 1.1) and the pairing

H1(ΠG+ , ẐΣ)×H1(ΠG+ , ẐΣ)→ H2(ΠG+ , ẐΣ) determines a commutative diagram

Πab
G+

≀
��

Πab-Vert
G+

? _oo

≀
��

Πab-Node
G+

? _oo

≀
��

HomẐΣ(Π
ab
G+ ,ΛG) HomẐΣ(Π

ab/Node

G+ ,ΛG)? _oo HomẐΣ(Π
ab/Vert

G+ ,ΛG),? _oo

Πab
G+

// //

≀
��

Π
ab/Node

G+
// //

≀
��

Π
ab/Vert

G+

≀
��

HomẐΣ(Π
ab
G+ ,ΛG) // // HomẐΣ(Π

ab/Vert

G+ ,ΛG) // // HomẐΣ(Π
ab/Node

G+ ,ΛG).

(follows from Prp 1.1)� �
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Synchronization of Cyclotomes for Cusps� �
ẽ ∈ Cusp(G̃)
Qẽ: the quotient of ΠG by the normal closed subgp topologically normally gen’d by
the commutator [ΠG,Πẽ] and the Πf ’s w/ f ∈ Cusp(G) over which ẽ does not lie

Jẽ ⊆ Qẽ: the image of Πẽ
Prp 1.1⇒ • The natural surjective cont. hom. (ẐΣ ∼=) Πẽ ↠ Jẽ is an isomorphism.

• 1→ Jẽ → Qẽ → ΠG+ → 1
Moreover, by Prp 1.1, the image of idJẽ ∈ EndẐΣ(Jẽ) by the fourth arrow of

0 // H1(ΠG+ , Jẽ) // H1(Qẽ, Jẽ) // H1(Jẽ, Jẽ)
Qẽ //

[ΠG ,Πẽ] ⊆Ker(ΠG↠Qẽ)

H2(ΠG+ , Jẽ)

EndẐΣ(Jẽ) HomẐΣ(ΛG, Jẽ)

is an isomorphism ΛG
∼→ Jẽ.

synẽ : Πẽ
∼→ ΛG:

the composite of the natural isom. Πẽ
∼→ Jẽ and the converse of the resulting isom.� �

Corollary 3.3� �
ẽ ∈ Cusp(G̃)
α ∈ Aut(G) (⊆ Out(ΠG))
α̃ ∈ Aut(ΠG): a lifting of α
Suppose: α̃(Πẽ) = Πẽ

⇒ α̃|Πẽ
∈ Aut(Πẽ)

Prp 2.1, (1)
= (ẐΣ)× is = χG(α)

(follows from Synchronization of Cyclotomes for Cusps)� �
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Lemma 3.4� �
I: a profinite group
ρ : I → Aut(G) (⊆ Out(ΠG)): a continuous homomorphism

Suppose: ∃l ∈ Σ s.t. Im(I
ρ→ Aut(G) χG→ (ẐΣ)× → Z×

l ) ⊆ Z×
l : open

ΠG + (ρ : I → Aut(G) ↪→ Out(ΠG)) ⇒ #Cusp(G)� �
Proof of “ΠG + (χ : I

ρ→ Aut(G) χG→ (ẐΣ)× → Z×
l ) ⇒ #Cusp(G)”

First, by Prp 1.1: ΠG: free pro-Σ ⇔ #Cusp(G) > 0
⇒ We may assume: #Cusp(G) > 0
V : a finite dimensional Ql-vector space equipped w/ a continuous action of I
⇒ • τ(I, V ): the sum of the dimensions of the subquot.s Vi/Vi+1 w/ triv. act. of I

w.r.t. a “Ql[I]-composition series” {0} = Vn ⊆ . . . ⊆ V0 = V
• τ(V ) = maxJ⊆I:open subgp τ(J, V )

□ ∈ {G,G+} ⇒ V□
def
= Πab

□ ⊗ẐΣ Ql(χ
−1), W□

def
= HomẐΣ(Πab

□ ,Ql)

⇒ • #Cusp(G)− 1
Prp 1.1
= dimQl

(VG)− dimQl
(VG+)

Cor 3.3
= τ(VG)− τ(VG+)

• τ(VG+)
Prp 3.2
= τ(WG+)

• τ(WG)
Prp 1.1, 3.2

= τ(WG+)
⇒ #Cusp(G) = 1 + τ(VG)− τ(WG)
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Corollary 3.5 [AbTpI, Lemma 4.5]� �
I: a profinite group
ρ : I → Aut(G) (⊆ Out(ΠG)): a continuous homomorphism

Suppose: ∃l ∈ Σ s.t. Im(I
ρ→ Aut(G) χG→ (ẐΣ)× → Z×

l ) ⊆ Z×
l : open

ΠG + (ρ : I → Aut(G) ↪→ Out(ΠG)) ⇒ ΠG + {cuspidal subgps}
(follows essentially from Prp 2.8, Cor 3.3, and Lmm 3.4)� �
Corollary 3.6� �
□ ∈ {◦, •}
G□: a semi-graph of anabelioids of pro-Σ PSC-type
I□: a profinite group
ρ□ : I□ → Aut(G□) (⊆ Out(ΠG□)): a continuous homomorphism

Suppose: ∃l□ ∈ Σ□ s.t. Im(I□
ρ→ Aut(G□)

χG□→ (ẐΣ)× → Z×
l□
) ⊆ Z×

l□
: open

α : ΠG◦
∼→ ΠG• : a continuous isomorphism w/ a commutative diagram

I◦
ρ◦ //

∃
��

Out(ΠG◦)

Out(α)
��

I• ρ•
// Out(ΠG•)

⇒ α: group-theretically cuspidal
(follows essentially from Cor 3.5)� �

Remark ∗� �
One may define/establish
• the cyclotome,
• the cyclotomic character, and
• synchronization of cyclotomes for cusps
for a general (i.e., not necessarily sturdy) semi-graph of anabelioids of PSC-type
(cf. [CbGC, §2], [CbTpI, §3]).� �
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§4: A Combinatorial Anabelian Result for Stable Log Curves over Log Points

Σ: a nonempty set of prime numbers
G: a semi-graph of anabelioids of pro-Σ PSC-type

G̃ → G: a universal pro-Σ covering
I: a profinite group
ρ : I → Aut(G) (⊆ Out(ΠG)): a continuous homomorphism

1 // ΠG // ΠI
//

��

I //

ρ

��

1

1
Prp 1.2// ΠG // Aut(ΠG) // Out(ΠG) // 1

Definition� �
ṽ ∈ Vert(G) ⇒ Iṽ

def
= ZΠI

(Πz̃) ⊆ Dṽ
def
= NΠI

(Πz̃) ⊆ ΠI :
the inertia/decomposition subgroups of ΠI associated to ṽ ∈ Vert(G)� �

Lemma 4.1� �
z̃ ∈ VCN(G) ⇒ Dz̃ ∩ ΠG = Πz̃

(follows from Prp 2.2)� �
Definition� �
(1) ρ: of IPSC-type

def⇔
• ∃k: an algebraically closed field of characteristic 6∈ Σ

• ∃X log: a stable log curve/the standard log point Spec(k)log
def
= “(Spec(k),N)”

• ∃α : GΣ
Xlog

∼→ G s.t.

∃1 // ΠGΣ
Xlog

//

≀Πα

��

π1(X
log)Σ //

≀
��

π1(Spec(k)
log)Σ //

≀
��

1

1 // ΠG // ΠI
// I // 1

(2) ρ: of PIPSC-type
def⇔ I ∼= ẐΣ, ρ|∃an open subgroup of I is of IPSC-type� �

One most important property of a cont. homomorphism of PIPSC-type is as follows:

Lemma 4.2 [CbGC, Proposition 2.6]� �
Suppose: ρ is of PIPSC-type

M ⊆ Πab
G : a sub-ẐΣ-module

M ⊆ Πab-Vert
G ⇔ ∃an open subgp J ⊆ I s.t. J ↷ Πab

G induces the trivial action on M
(follows essentially from weight-monodromy conj. for Jacobian varieties of curves)� �
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Lemma 4.3 [AbTpII, Proposition 1.3, (iii), (iv)]� �
Suppose: ρ is of IPSC-type

(1) ṽ ∈ Vert(G̃) ⇒ Iṽ ↪→ ΠI ↠ I: an isomorphism

(2) ṽ, w̃ ∈ Vert(G̃)
ṽ = w̃ ⇔ Iṽ = Iw̃

(follows from some considerations on the log structures involved)� �
Lemma 4.4� �
ṽ ∈ Vert(G̃)
Suppose: ρ is of IPSC-type
(1) Dṽ = Iṽ × Πṽ

(2) NΠI
(Iṽ) = Dṽ (

(1); Lmm 4.3, (1)⇒ NΠG(Iṽ) = Πṽ)
(3) ZΠG(ZΠG(Iṽ)) = {1}� �

Proof
(1):

Iv · Πv ⊆ Dv by definition
Lmm 4.1; 4.3, (1)⇒ Iv · Πv = Dv (cf. 1→ ΠG → ΠI → I → 1)
Thus, since Z(Πv) = {1} (cf. Prp 2.1, (2)), Iv × Πv = Dv.

(2):
NΠI

(Iṽ) ⊇ Dṽ: by (1)
NΠI

(Iṽ) ⊆ Dṽ:
γ ∈ NΠI

(Iṽ)
⇒ Iṽ = γIṽγ

−1 = γZΠI
(Πṽ)γ

−1 = ZΠI
(γΠṽγ

−1) = ZΠI
(Πṽγ ) = Iṽγ

Lmm 4.3, (2)⇒ ṽ = ṽγ ⇒ Πṽ = Πṽγ = γΠṽγ
−1 ⇒ γ ∈ NΠI

(Πṽ) = Dṽ

(3):

Πṽ ⊆ ZΠG(Iṽ) ⊆ NΠG(Iṽ)
(2)
= Πṽ

⇒ ZΠG(Iṽ) = Πṽ

⇒ ZΠG(ZΠG(Iṽ)) = ZΠG(Πṽ)
Prp 2.2
= Z(Πṽ)

Prp 2.1, (2)
= {1}
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Main Lemma of §4 [CbTpII, Theorem 1.6, (iv)]� �
Suppose: ρ is of IPSC-type
s: a splitting of ΠI ↠ I s.t. ZΠG(ZΠG(Im(s))) = {1}
⇒ ∃ṽ ∈ Vert(G̃) s.t. Im(s) = Iṽ (

Lmm 4.4, (2)⇒ NΠG(Im(s)): verticial)� �
Proof

H
def
= ZΠG(Im(s))
Lmm 4.2⇒ for ∀ΠG-covering H → G, Im(H ∩ ΠH ↪→ ΠH ↠ Π

ab/Vert
H ) = {0}

Prp 2.6⇒ ∃ṽ ∈ Vert(G̃) s.t. H ⊆ Πṽ ⇒

ZΠI
(H) ⊇ ZΠI

(Πṽ) = Iṽ (∗1)

{1} = ZΠG(ZΠG(Im(s))) = ZΠI
(H) ∩ ΠG ⇒ ZΠI

(H) ↪→ ΠI ↠ I is injective
Thus, since Im(s) ⊆ ZΠI

(H) by definition,

ZΠI
(H) = Im(s) (∗2)

(∗1), (∗2) ⇒ Iṽ ⊆ Im(s)
Lmm 4.3, (1)⇒ Iṽ = Im(s)

Main Theorem of §4� �
Suppose: ρ is of PIPSC-type
ΠG + (ρ : I → Aut(G) ↪→ Out(ΠG)) ⇒ ΠG + {verticial subgps}
(
Prp 2.5⇒ ΠG + {verticial subgps}+ {nodal subgps})

(follows essentially from Lmm 4.4, (3), and Main Lmm of §4)� �
Main Corollary of §4 [CbTpII, Theorem 1.9, (ii)]� �
□ ∈ {◦, •}
G□: a semi-graph of anabelioids of pro-Σ PSC-type
I□: a profinite group
ρ□ : I□ → Aut(G□) (⊆ Out(ΠG□)): a continuous homomorphism of PIPSC-type

α : ΠG◦
∼→ ΠG• : a continuous isomorphism w/ a commutative diagram

I◦
ρ◦ //

∃
��

Out(ΠG◦)

Out(α)

��
I• ρ•

// Out(ΠG•)

⇒ α: group-theretically verticial and group-theretically nodal
(follows from Main Thm of §4)� �
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